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Abstract
In the present work, a theoretical framework focussing on local geo-
metric deformations is introduced in order to cope with the problem of
how to join spacetimes with different geometries and physical properties.
Using this framework, it is shown that two Lorentzian manifolds can be
matched in agreement with the well-known Darmois-Israel junction con-
ditions by locally deforming the associated spacetime metrics in relation
to each other. Based on the insight that metrics can be suitably matched
in this way, it is shown that the underlying geometric approach allows the
characterization of local spacetimes in General Relativity. In addition, it
is shown that this approach allows the treatment of problems that cannot
be treated by using standard gluing techniques.
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Introduction
The General Theory of Relativity, like most of its countless generalizations, is
an apparently nonlinear theory of gravity. As such, it is a theory that comprises
on the one hand a nonlinear geometric action principle and on the other hand
associated nonlinear field equations, both of which are formulated with respect
to the nonlinear mathematical framework of Lorentzian geometry.
It is for this reason, in particular, that Einstein’s gravitational field equa-
tions do not permit a unique solution and that, accordingly, Einstein-Hilbert
gravity does not allow for the characterization of a unique preferred geometry
of spacetime.
Instead, the theory predicts the existence of a whole series of different exact
solutions of the addressed field equations - many of which have been confirmed
to be fully consistent with observation. In this vein, General Relativity not only
allows for the co-existence, but also for the co-evolution of different types of
gravitational fields.
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However, despite explaining a multitude of structural differences of gravitat-
ing physical systems existing in nature, this particular aspect of the theory also
reveals especially challenging implications.
More precisely, from a purely phenomenological point of view, this aspect of
the theory poses the unpleasant task of explaining how the physical behavior
of a given gravitational field changes under structural alterations of the matter
source generating these fields, especially in the case where these fluctuations
become so strong that they lead to a completely new type of gravitational field
with a different geometric structure and inherently different physical properties,
as for example in the extreme case of mergers of bodies in N -body systems.
From a purely theoretical point of view, in turn, this aspect of the the-
ory leads to the delicate mathematical problem of how pairs of geometrically
distinct spacetimes can be can be joined along a hypersurface separating the cor-
responding Lorentzian manifolds. In General Relativity, this problem is treated
by considering geometric models dealing with local junction conditions, which
- at least in consideration of the well-established Darmois-Israel formalism - re-
quire the first and second fundamental forms of given spacetimes to match with
each other across a space- or timelike boundary hypersurface [14, 29].
Following [11, 29, 33], this matching has to be given in such a way that the
first fundamental forms of the corresponding geometric fields fit one another in
a continuous way, whereas the second fundamental forms are allowed to be dis-
continuous across the hypersurface separating the given Lorentzian manifolds.
The condition for this to be the case, however, is the existence of a concentrated,
singular matter distribution - a so-called thin shell of matter - that happens to
form a joint boundary layer for both spacetimes.
Also in the lightlike case [5, 33], which is more sophisticated from a geometric
point of view, junction conditions can be formulated that guarantee that two
spacetimes can be joined along a null boundary separating the corresponding
Lorentzian manifolds. In fact, it even turns out that both the null and the non-
null formalism can be combined to one formalism known as general thin shell
formalism, and that associated junction conditions can be formulated regardless
of the causal structure of the boundary hypersurface. [33, 41, 42].
The conditions mentioned are essential insofar as they provide the rules for
identifying the geometries of the respective gravitational fields in such a way
that a transition from one Lorentzian manifold to another becomes possible,
thus laying the foundation for the treatment of dynamical quantities across a
given boundary hypersurface.
Against this background, a crucial challenge in treating different geometric
models in General Relativity is to find an appropriate physical setting which
allows for the joining of spacetime pairs with different geometries, or, in other
words, for the fulfillment of the mentioned junction conditions.
And although the known methods for joining pairs of spacetimes do not
presuppose the existence of symmetries of any kind, the corresponding junction
relations have so far only been solved for spacetimes with a high degree of
symmetry, i.e. in the case of spacetimes with either spherical, cylindrical or
plane symmetry. In more generic scenarios, such as in case of spacetimes with a
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lower degree of symmetry like stationary, axisymmetric or even non-stationary
spacetimes, not many rigorous results are known to this day.
A primary cause of this epistemological deficiency appears to be rooted in
the problem of finding spacetime pairs that share locally (but not necessarily
globally) compatible geometric structures. This is because the finding of such
pairs with identical induced geometries is more of a requirement than a di-
rect part of the thin shell formalism, and therefore has been performed almost
exclusively for spacetimes with the mentioned symmetry properties.
An additional cause is the fact that the methods being used to cope with
the Darmois-Israel conditions, in spite of leading to appropriate local disconti-
nuities in the curvature of respective gravitational fields (at most ’delta-like’-
singularities), in many different cases, fail to deliver physically feasible predic-
tions that could be in agreement with the dynamics of the continuous theory.
The usual reason for this disadvantage is the fact that the corresponding meth-
ods lead to concentrated, singular gravitational source terms that often do not
even obey the energy conditions of the theory, which significantly reduces their
phenomenological and physical relevance.
In conclusion, there appears to be a need for a more reliable geometric frame-
work toward junction conditions which allows for a better selection of pairs of
geometrically compatible metric fields and a better distinguishability of physical
and non-physical gravitational source terms in spacetime gluing approaches.
In response to that fact, the aim of a major part of this work is to provide a
simple geometric framework that endeavors to avoid the aforementioned tech-
nical and conceptual difficulties, while at the same time guaranteeing that the
junction conditions of the theory are met.
The key difference between the model to be developed and former approaches
to the subject is the fact that said model considers the transition of one space-
time to another as a dynamical deformation process. This idea is formally
realized by deforming a given background geometry and showing that the ef-
fect of the deformation completely subsides if appropriate boundary conditions,
which follow from the addressed junction conditions, are imposed.
Based on the fact that each spacetime metric can be determined with re-
spect to another metric by specifying a suitable deformation term, and that it
is also possible to confine oneself only to those deformations that have compact
supports (or go to zero in a suitable limit) in an embedded subregion of the
Lorentzian manifold of an associated ambient spacetime, the geometric frame-
work presented allows a rigorous characterization of local spacetime geometries
in accordance with the addressed junction conditions. This characterization is
based on the imposition of boundary conditions on the metric of spacetime,
which shall be clarified by some specific geometric examples. These examples,
which are given in section three of this work, include spacetimes with low reg-
ularity, such as gravitational shock wave spacetimes, whose curvature cannot
be calculated with standard gluing techniques. Furthermore, they include non-
distributional models, which also cannot be treated with gluing methods. Ex-
amples of glued spacetimes are also discussed to illustrate that the thin shell
formalism emerges as a special case of the geometric framework presented.
3
1 Junction Conditions and Gluings of Spacetimes
In Einstein’s General Theory of Relativity, the situation quite often occurs that
two spacetime partitions (M±, g±) with two associated Lorentzian manifolds
M± = M± ∪ ∂M± are given, which are bounded by a hypersurface Σ that
forms a part of the boundary of both spacetimes, so that Σ ⊂ ∂M± applies.
Given this situation, the question arises as to whether or not both spacetimes
can be ’combined’ into an ambient spacetime (M, g), whose manifold is the
union of the manifolds of the individual parts such that M≡M+ ∪M−.
A relatively straightforward method that allows one to deal with this ques-
tion and thus solve the underlying geometric problem is the method of gluing
spacetimes together across a boundary hypersurface Σ ≡ ∂M+ ∩ ∂M−, using
the so-called thin shell formalism [5, 11, 29, 33, 38, 41, 42].
According to this method, which has a rich history and important appli-
cations in General Relativity, it is usually assumed that an ambient space-
time (M, g) with above-mentioned properties is given, i.e. a spacetime with
Lorentzian manifold M = M+ ∪ Σ ∪M− and metric gab, which reduces to the
metrics g±ab in M
±. As a basis for this, it is further assumed that there is a
restricted C2-metric g+ab = gab|M+ associated with the part (M+, g+) and an-
other C2-metric g−ab = gab|M− associated with (M−, g−), respectively; parts,
in relation to which the metric gab of the ambient spacetime (M, g) can be
decomposed in the form
gab = θg
+
ab + (1− θ)g−ab, (1)
where θ is the Heavyside step function. This step function is usually assumed
to take a value of one half for points lying on Σ, a value of one for points lying
in M+ and a value of zero for points lying in M−. This makes sense as long
as it is ensured that the ambient metric is continuous across the layer, which
implies that (in appropriate coordinates) it must apply that
[gab] = 0, (2)
where [gab] ≡ lim
x
M+→ x0
g+ab(x)− lim
x
M−→ x0
g−ab(x) applies for all x0 ∈ Σ.
To provide a coordinate independent description in this context, it is only
natural to use a formalism that is compatible with the intrinsic geometric struc-
ture of the boundary portion Σ. However, since such a description cannot be
independent of the causal structure of Σ, it seems convenient to first closely
pursue the most essential ideas of the so-called general (or mixed) thin shell
formalism developed in [33], not least because said formalism, unlike previous
approaches to the subject, allows the treatment of the current physical problem
of joining pairs of spacetimes with different geometries without having to fix the
geometric character of the boundary portion Σ. Rather, Σ can very well be null
somewhere in spacetime and non-null elsewhere.
To enable such treatment of the problem, the formalism takes advantage
of the fact that a pair of normal vector fields ζa± exists on each side of the
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layer Σ such that ζa+ points toward M
+ and ζa− points outwards from M
−. In
addition, the fact is exploited that - regardless of the causal structure of the
boundary portion - bases of vector fields {Eaρ} can be chosen in T (Σ) with
ρ = 1, 2, 3 as well as associated co-bases {eρa} in T ∗(Σ) such that eρaEaσ = δρσ,
ζa±e
ρ
a = 0 and g
±
ab|ΣEaρEaσ = g∓ab|ΣEaρEaσ. Furthermore, it is observed that
there is a pair of vector fields ξa±, usually called rigging vector fields, and an
associated pair of co-vector fields ξ±a such that ξ
±
a ζ
a
± = −1 and ξ±a Eaρ = 0.
The corresponding rigging vector fields are fixed in this context by demanding
gab|Σξa+Ebρ = gab|Σξa−Ebρ ≡ gab|ΣξaEbρ and gab|Σξa+ξa+ = gab|Σξa−ξa−, so that the
two bases on the tangent spaces {ξa±, Eaρ} ≡ {ξa, Eaρ} are identified and the
(±) can be dropped. The two one-forms ζ±a are automatically identified as well,
so that {ζ±a , eρa} ≡ {ζa, eρa}. Consequently, it then turns out to be possible to
construct a projector of the type oca = δ
c
a+ ζ
cξa with the properties o
c
ao
a
b = o
c
b
and ocaξ
a = ocaζc = 0, which can be used as a projector onto Σ.
With these definitions at hand, the difference (or jump) of any object from
the + or the − sides of Σ can be specified. In particular, any (m,n)-tensor field
with definite limits on Σ from M± (regardless of whether it is discontinuous
across Σ or not) can be split up in a +-part and a −-part , so that
T a1a2...amb1b2...bn = θT
+a1a2...am
b1b2...bn
+ (1− θ)T−a1a2...amb1b2...bn . (3)
The covariant derivative of the same object then reads
∇cT a1a2...amb1b2...bn = θ∇+c T+a1a2...amb1b2...bn + (1− θ)∇−c T−a1a2...amb1b2...bn + δc[T a1a2...amb1b2...bn ], (4)
where [T a1a2...amb1b2...bn ] ≡ lim
x
M+→ x0
T+a1a2...amb1b2...bn (x) − lim
x
M−→ x0
T−a1a2...amb1b2...bn (x) applies for all
x0 ∈ Σ and δc ≡ ζcδ is a vector-valued distribution constructed from Dirac’s
delta distribution δ = δ(x).
As already mentioned above, given a suitable pair of coordinate charts
(x0±, x
1
±, x
2
±, x
3
±), the metric is continuous across Σ. However, its derivatives,
and thus the corresponding connections, are discontinuous. In fact, it is found
in this context that
[∂cgab] = 2 · ζcγab (5)
and therefore
[Γabc] = γ
a
b ζc + γ
a
c ζb − γbcζa, (6)
where γab is a symmetric tensor field defining the properties of the shell.
The associated Riemann tensor is of the form
Rabcd = θR
+a
bcd + (1− θ)R−abcd + δHabcd, (7)
where δ is the Dirac delta distribution and Habcd represents the singular part of
the curvature tensor distribution, which is explicitly given byHabcd =
1
2 (γ
a
dζbζc−
γacζbζd + γbcζ
aζd − γbdζaζc).
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Given this definition, the said approach allows for a generalized formulation
of Einstein’s field equations in a distributional sense, which leads to a distribu-
tional Einstein tensor of the form
Gab = θG
+a
b + (1− θ)G−ab + δ · ρab, (8)
where ρab = H
a
b − 12δabH (with H ≡ gab|ΣHab) is a symmetric covariant tensor
field defined only at points of the hypersurface Σ. The associated stress-energy
tensor, on the other hand, has to possess the form
T ab = θT
+a
b + (1 − θ)T−ab + δ · τab. (9)
Instead of listing other intrinsic expressions and related equations and discussing
further important properties of the formalism, the focus of attention shall now
be shifted to the issue of how to specifiy within said formalism those special
cases in which parts of Σ are either null or non-null, that is, either null or
spacelike or timelike.
In the latter cases, where portions of the thin shell are allowed to be non-
null, the above general formalism traces back to the Darmois-Israel method,
which is based on a 3 + 1-decomposition of spacetime. The geometric setting
used in this method is essentially the same as that of the general formalism
mentioned above, with the only exception being that it is additionally required
a priori that the ambient spacetime (M, g) admit a foliation in either spacelike
or timelike hypersurfaces and a boundary portion Σ (with fixed causal structure)
that can be embedded in said foliation of spacetime. This additional restriction
of the geometry of spacetime allows the consideration of a congruence of curves
generated by a normalized vector field na that is necessarily orthogonal to Σ and
therefore fulfills nan
a = ǫ and ∇[cna] = 0 with ǫ = ±1. This normal vector field
(and its associated co-normal) can then be used to define the first and second
fundamental forms hab = gab + ǫnanb and Kab = h
c
ah
d
b∇(cnd).
In order to find the corresponding shell equations and to guarantee that
the spacetime partitions (M±, g±) can be ’combined’ to the ambient spacetime
(M, g) in the given case, however, it must be ensured that the said pair of
spacetimes exhibits spacelike or timelike foliations compatible to that of the
ambient spacetime (M, g). Essentially, this means that pairs of either timelike
or spacelike generating vector fields na± with the properties n
±
a n
a
± = ǫ and
∇±[cn±a] = 0 must exist, which can be appropriately identified across the shell
in a manner similar to the general formalism. By definition, these vector fields
have to be orthogonal to the respective first and second fundamental forms
h±ab = g
±
ab + ǫn
±
a n
±
b and K
±
ab = h
±c
a h
±d
b ∇±(cn±d) on the shell Σ, where it must be
assumed, in order to obtain well-defined distributional field equations, that the
three-metrics of the spacetime partitions are, at least, continuous across Σ, so
that [hab] = 0 is valid; although [Kab] = 0 does not necessarily have to apply
in this context. The corresponding shell equations then yield conditions for
matching the Cauchy data (h±ab,K
±
ab) of the bounded spacetimes (M±, g±) in
such a way across Σ that they are consistent with the Cauchy data (hab,Kab)
of the ambient spacetime (M, g). These shell equations result directly from the
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general formalism discussed above if one sets ξa ≡ ǫna, ζa ≡ na, oca ≡ hca =
δca+ ǫn
cna and γab = ǫ[Kab] in relations (5− 9), thus proving the fact that said
formalism actually contains the Darmois-Israel framework as a special case.
Accordingly, in order to avoid the existence of ill-defined singular contribu-
tions to the field equations in this context, it must be required that the pairs
of first and the second fundamental forms associated with pairs of spacetimes
(M±, g±) satisfy the junction conditions of Darmois and Israel
[hab] = 0 (10)
and
[Kab] = 8πǫ(τab − 1
2
habτ); (11)
conditions which represent, in a quite generic way, geometrically necessary re-
quirements for the identification of Lorentzian manifolds in all those geometric
models which are based on a 3 + 1-decomposition of spacetime.
Note that the former condition (10) is sometimes called the preliminary
junction condition, whereas the latter junction relation (11), which characterizes
a singular and confined stress-energy tensor distribution located entirely in Σ,
is sometimes called Lanczos-Israel relation. It is also worth noting that even
though the given approach is formulated in a coordinate-independent manner,
it still leads back to alternative formulations of junction conditions, for example
those given by Lichnerowicz or O’Brian and Synge in case of the special choice
of so-called admissible coordinates on both sides of the layer [29].
Furthermore, there is also the case that Σ is locally null; a case that seems
to require a more deliberate approach than the traditional non-null description
of the problem not least due to the fact that the first fundamental form is
degenerate on a null hypersurface and the associated null normal is not only
orthogonal but also tangential to it. Nevertheless, assuming the existence of
two pairs of null congruences generated by a pair of lightlike vector fields la
and ka that are orthogonal to a spacelike two-slice S ⊂ Σ, it turns out that the
general formalism is versatile enough to include said special case as well; giving
rise to the same shell equations previously found in [5]. These equations can be
obtained from expressions (5−9) if the choice ξa ≡ la, ζa ≡ ka and oca = δca+kcla
is made in this context and a covariant symmetric two-form Hab = 2ocaodb∇(cld)
is specified, which (in the continuous null limit of the Darmois-Israel framework)
has the same jump discontinuity features as the extrinsic curvature across Σ.
More precisely, while in the non-null case generically one has γbc ≡ ǫ[Kbc], in the
lightlike case, where there is a different geometric setting, one has γab ≡ [Hab].
With regard to this specific quantity, which shall be called Mars-Senovilla two-
form from now on, the above series of junction relations turns into
[Hab] = 0 (12)
and therefore becomes, in contrast to the non-null case in which the right hand
side is non-vanishing, a trivial set of relations; relations that guarantee that
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the Einstein tensor of the geometry contains no singular part proportional to
Dirac’s delta distribution (and thus no surface layer).
However, as shown in [33], these junction relations can actually be relaxed
in the given null case by requiring that the respective Mars-Senovilla two-forms
meet the conditions
[Hab]kb = [H] = 0, (13)
which also guarantee that the singular part of the curvature tensor distribution
vanishes identically.
Anyhow, junction conditions do not necessarily have to be based on a 3 +
1-decomposition of spacetime; they also have been formulated in the 2 + 2-
framework toward General Relativity or in space-time approaches that are based
on a 1 + 1 + 2-decomposition of spacetime.
In particular, as shown by Penrose in [36], junction conditions can be for-
mulated (in a coordinate dependent manner) which are based on a dual null
foliation of spacetime in spacelike surfaces. These conditions form the basis of
Penrose’s now infamous cut-and-paste method, which provides the formal basis
for the description of gravitational shock wave spacetimes in General Relativ-
ity and turns out to be closely related to the thin shell framework in specific
applications.
Besides that, in order to characterize boundary portions that possess a ’cor-
ner’ or a ’sharp edge’, another set of junction relations has been formulated in
the literature in the past [22]. For the purpose of formulating said conditions,
a timelike generating vector field na and a spacelike one ua associated with re-
spective timelike and spacelike congruences have been considered, which yield
spacelike and timelike foliations and thus a 1+1+2-decomposition of spacetime.
Based on the existence of said foliations, the fact was exploited that the space-
time metric gab can be decomposed in the form gab = −nanb+hab = uaub+γab
with hab = qab + sasb and γab = qab − vavb, respectively, where sa and va are
spacelike and timelike unit normals orthogonal to na and ua and qab is the in-
duced Riemannian metric on a spacelike two-slice S ⊂ Σ. Due to the fact that
the given vector fields na and ua are not assumed to be normalized with respect
to each other in this context, it then typically turns out that one has to deal (in
the case of a spacelike joint) with a non-vanishing edge ’angle’ Θ = cos−1((n, u))
in such approaches. This non-vanishing quantity has been shown to lead to jump
discontinuities and therefore to an additional set of junction conditions given by
[Θ]qab = Tab, (14)
where Tab is the stress-energy tensor restricted to S.
Taking into account this set of different conditions, the remainder of the
present work will address the problem of joining different spacetimes from a
slightly different angle, namely by means of a geometric approach based on
the use of metric deformations. By restricting the support properties of the
corresponding metric deformations in such a way that the junction conditions
discussed in the present section are met, it is shown how this approach trivially
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allows for the introduction of the concept of local spacetime geometry in relation
to a fixed ambient geometry of spacetime.
2 Local Geometries and Deformations of Space-
time
In order to approach now the subject of joining spacetimes from a different angle,
namely by using special metric deformations that allow one to meet the junction
conditions discussed in the previous section, two different spacetime partitions
(M±, g±) of an ambient spacetime (M, g) shall once more be considered. These
partitions, as before, shall be assumed to be bounded by a hypersurface Σ which
forms a part of the boundary of both spacetimes such that Σ ⊂ ∂M± applies.
Without any further assumptions about the geometric structures of both of
the spacetimes (M±, g±), both partitions are allowed to exhibit totally different
geometric properties anywhere except for their boundary, where, by the intro-
duced junction conditions, both spacetimes have to possess identical induced
geometries. As a necessary prerequisite for obtaining a spacetime (M, g) with
connected manifold M = M+ ∪ M−, it must therefore be ensured that said
spacetime partitions can be identified along the boundary portion Σ in such a
way that the junction conditions discussed in the previous section are met.
In order to ensure this, the same approach as in the previous section shall
be followed, namely different bases {ξa±, Eaρ} and co-bases {ζ±a , eρa} shall be
considered at each side of the boundary, which can be identified along Σ in the
same way as in section one of this work.
Against this background, the main task now is to construct a spacetime
(M, g) with connected Lorentzian manifold M =M+ ∪M−, with local space-
time partitions (M±, g±) that may have different geometric structures every-
where except along the boundary hyperface Σ.
To face this task by geometric means, the following observation proves use-
ful: A change of one spacetime geometry with respect to another can be char-
acterized by a deformation of the associated metrics, where deformation in this
context means any backreaction that changes the geometric properties of a given
spacetime metric with respect to a given background metric and a given class
or group of deformation fields propagating on the corresponding background
spacetime.
To make this final statement precise, let gab be a fundamental metric field
associated with the ambient spacetime (M, g) with the manifold structureM =
M+ ∪M−. Considering the tensor deformations
gab = g
±
ab + e
±
ab (15)
and
gab = g±ab + f±ab, (16)
one can define the fields g±ab = gab−e±ab and g±ab = gab−f±ab, which constitute
globally well-defined tensor fields on M, which, however, do not represent a
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metric and an inverse metric, respectively. This holds true unless it is required
that the corresponding deformation fields e±ab and f
±ab vanish somewhere in
a local subregion of the ambient manifold M, in which case the tensor fields
g±ab locally coincide with the metric gab of the spacetime (M, g). However, this
implies that, as long as the tensor fields e±ab and f
±ab are defined in such a way
that they vanish globally in M± ⊆M, which is certainly the case if said fields
have compact supports lying in the complements M\M± of the Lorentzian
manifolds M±, the tensor fields g±ab represent well-defined metric fields, but
only within the local regions M±. ’Outside’ these regions, however, they are
just tensor fields, so that it can be concluded that the pairs (M±, g±) define
pairs of local spacetimes, i.e. pairs of spacetimes whose metrics g±ab represent
well-defined tensor fields on (M, g), which coincide locally with the ’correct’
metric of spacetime (M, g). However, this is the case if and only if appropriate
boundary conditions on the fields e±ab or f
±ab are imposed; boundary conditions
that have to ensure the spacetime partitions (M±, g±) can pointwise be joined
along Σ.
And although it can already be guessed that these boundary conditions will
require that the fields e±ab and f
±ab match exactly at Σ and have compact
support in M\{M±\Σ}, it may be worthwhile to carefully determine these
conditions step by step with regard to the set of junction conditions discussed
in the previous section.
To do so, it shall first be noted that the introduced splitting contains the
distributional splitting gab = θg
+
ab+(1− θ)g−ab as a special case. This can easily
be realized by taking into account that either the components of g+ab or that
of g−ab can always be added to and subtracted from the given expression in an
appropriate chart, so that the information that there is another local metric
field on (M, g) now happens to be encoded in the structure of the introduced,
a priori unknown deformation fields e±ab.
At first sight, such a revision definitely appears to be artificial. However,
it shows that the geometric framework discussed so far is in full agreement
with that of the previous section, so that it can be concluded that the junction
conditions previously mentioned can be used as a template to impose boundary
conditions on the local deformation fields e±ab and f
±ab. Actually, it even turns
out in this regard that the geometric approach to be developed contains the
thin shell formalism as a special case and therefore offers a broader range of
methods for joining spacetimes in General Relativity. This is not least because
said approach provides the advantage that the problem of joining a pair of
local spacetimes (M±, g±) with respect to a given ambient spacetime (M, g)
reduces to the problem of determining appropriate deformation fields (most
likely of compact support) on (M, g). From a purely physical point of view, the
presented framework thus includes a mechanism for ’generating’ local geometric
structures within a spacetime, thus providing a natural approach to deal with
specific ramifications that need to be addressed in dealing with the junction
conditions described in the previous section.
In this context, however, it is important to note that neither e±ab nor f
±ab are
assumed to be small and that both pairs of objects define a whole class of tensor
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deformations which in principle can become arbitrarily large, so that for a given
vector field wa, which is causal with regard to one of the background metrics
g±ab, there is no need for it to be causal with regard to the other background
metric g∓ab or the full metric gab in the complement M\M± of M±. However,
in the opposite case, the deformations may also become arbitrarily small, so
that they become the subject of relativistic perturbation theory.
In any case, the given triple of metrics has to remain subject to the metrical
consistency conditions
gabg
bc = δ ca , (17)
which, since they are assumed to hold globally on (M, g), can be brought into
the form
e± ba + f
± b
a + e
± c
a f
± b
c = 0. (18)
This form of the relation can be deduced from the fact that the fundamental
metric field gab of the ambient spacetime (M, g) can be decomposed with respect
to the metrics of the local spacetimes (M±, g±) and vice versa, so that the tensor
fields e± ba := e
±
acg
±cb = e±ac(g
cb − f±cb) and f± ba := g±acf±cb = (gab − e±ab)f±cb
can be identified as tensor fields on the ambient spacetime.
If the given metrical consistency condition can be fulfilled, there holds in
fact g±bc := (g±−1)bc, which allows one to determine the difference tensors
C±abc =
1
2 (g
±ad + f±ad)(∇±b e±dc + ∇±c e±bd − ∇±d e±bc) with regard to the unique
Levi-Civita connection defined on (M, g). According to these unique fixings,
the deformed Riemann tensors then take the well-known form
Rabcd = R
±a
bcd + E
±a
bcd, (19)
where E±abcd = 2∇±[cC±ad]b + 2C±ae[c C±ed]b . By contracting indices, one finds that the
associated Ricci tensors are of the form
Rbd = R
±
bd + E
±
bd, (20)
where, of course, E±bd = 2∇±[aC±ad]b + 2C±ae[aC±ed]b . By repeating that procedure,
the associated Ricci scalars
R = R± + g±bdE±bd + f
±bdR±bd + f
±bdE±bd (21)
can be obtained. However, as a direct consequence, Einstein’s equations
Gab = 8πTab (22)
read
G±ab + ρ
±
ab = 8πTab, (23)
after being decomposed with respect to the local metrics of (M±, g±); at least
provided that ρ±ab = ψ
±
ab − 12g±ab(f±cdR±cd + f±cdE±cd) − 12e±ab(R± + f±cdR±cd +
g±cdE±cd+f
±cdE±cd) with ψ
±
ab = E
±
ab− 12g±ab(g±cdE±cd) holds in the given context.
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If the given equations reduce to the restricted local Einstein equations G±ab =
8πT±ab on (M±, g±), it becomes clear that the remaining equations
ρ±ab = 8πτ
±
ab, (24)
have to be determined independently in agreement with the introduced junction
conditions, where, of course, τ±ab := Tab − T±ab applies in the given context.
In consideration of these facts and definitions, the problem of satisfying the
previously addressed junction conditions can be translated into the problem of
selecting appropriate local deformation tensors and gradients of such on different
local subregions of (M, g), whereas care has to be taken to ensure that the
resulting curvature fields exhibit a decent physical interpretation at the end.
To ensure this, and thus to treat models of physical interest, it makes sense
to focus exclusively on deformation fields according to which appropriate energy
conditions are fulfilled on (M, g). To be more precise, it makes sense to assume
that the corresponding stress-energy fields fulfill at least the weak energy condi-
tion [21] on (M, g) and thus to require the positivity of energy of the considered
matter fields.
By requiring this, it is ensured that the resulting confined stress-energy ten-
sor is well-defined from a physical point of view. Moreover, it is ensured that
the same conditions locally hold on (M±, g±). If this is actually the case, one
finds
T±abv
avb ≥ 0, (25)
for all future directed timelike vectors va. As a further step one can then also
try to fulfill stronger energy conditions, whose validity, however, cannot be
guaranteed in every physical situation of interest.
To proceed, it may next be noted in this regard that important subclasses of
the introduced class of metric deformations can be selected by requiring either
f±ab = −e±ab (26)
or
e±ab = f
±ab = e±ab = 0. (27)
While metric deformations fulfilling the former conditions, containing the theory
of metric perturbations as a special case, shall from now on be referred to as
linear, deformations which globally fulfill the latter conditions, on the other
hand, from now on shall be referred to as trivial deformations.
In case of trivial deformations, obviously no change of the geometric struc-
ture results. In case of linear deformations, on the other hand, the introduced
system of equations considerably simplifies, as, for example, the metrical con-
sistency condition reduces to
e± ca e
± b
c = 0. (28)
Additionally, the form of any of the introduced fields considerably simplifies due
to the fact that now they can be built from one single field that is non-zero only
in the complement of M±.
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Coming back to the sought boundary conditions, the first junction condition
of the Darmois-Israel framework, which requires
[hab] = 0 (29)
to be met, is certainly satisfied if there holds
[eab] = [f
ab] = 0 (30)
on Σ.
With that being said, a quite natural way of dealing with the addressed
conditions is to seek local tensor fields e±ab and f
±cb with the property that all
their components possess compact support in M\{M±\Σ}. This then implies
that if one expands the fields in terms of the tetrad fields eµa and E
a
µ with
µ = 0, ..., 3 of the ambient metric gab of (M, g), which yields in the most general
case the expressions e±ab = c
±
1 e
0
(ae
0
b) + c
±
2 e
0
(ae
1
b) + ... and f
±ab = d±1 E
(a
0 E
b)
0 +
d±2 E
(a
0 E
b)
1 + ..., the imposed junction conditions automatically can be fulfilled if
supp c±i , supp d
±
i ≡M\{M±\Σ}. Hence, the problem of fulfilling the addressed
junction conditions, in the given context, reduces to the problem of finding
appropriate local coefficients c±i and d
±
i which do possess the desired support
properties and thus allow to join (M+, g+) and (M−, g−) across Σ.
And although these restrictions on the geometric structure of the deforma-
tion fields e±ab and f
±cb are strong enough to meet either condition (12) or, in
particular, conditions (10) and (11) in the case that parts of Σ are non-null or
condition (13) in the case that other parts of Σ are null, it should be clear that
in many cases of interest the addressed coefficients will not coincide with ordi-
nary smooth functions, but will rather possess a distributional character that
ought to be determined with the aid of the framework of Colombeau’s theory
of generalized functions [12, 13].
However, since this can lead to very serious ramifications in practice, it
appears to be an interesting alternative idea to consider local coefficients c±i
and d±i which vanish at Σ in a specific limit such that either e
+
ab → e−ab as
c+i , d
+
i → c−i , d−i or even e±ab → 0 as c±i , d±i → 0. The main specificity of this
approach is then that no longer the boundary conditions
[eab] = [f
ab] = 0, [Cabc] = 0 (31)
hold, but rather the alternative conditions
[eab] = [f
ab] = 0, [Cabc] 6= 0 (32)
are found to be valid, whereas the validity of the latter type of conditions may
culuminate in a change of the structure of the field equations of the theory.
In this context, however, it proves to be of great relevance in which way the
components of the local deformation tensors are specified in (M, g). In concrete
terms, it proves to be relevant for the action principle of the theory, or, so to
speak, for the structure of the Einstein-Hilbert action of spacetime. In the case
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that the ambient spacetime (M, g) exhibits a boundary ∂M without edges or
corners, this action is simply given by
S[g] =
∫
M
Rωg +
Σ′∫
Σ
Kωh, (33)
where Σ and Σ′ are spacelike hypersurfaces and ωg ≡ √−gd4x is the four-volume
element and ωh ≡
√
hd3x is the three-volume element of spacetime. If the same
boundary ∂M of the ambient spacetime, on the other hand, does indeed contain
a sharp edge or corner, its action alternatively can be specified by Hayward’s
action [9, 22]
S[g] =
∫
M
Rωg +
Σ′∫
Σ
Kωh +
∫
B
K˜ωγ +
Ω′∫
Ω
sinh−1 ηωq, (34)
where ωh ≡
√
hd3x, ωγ ≡ √−γdtd2x and ωq ≡ √qd2x are volume forms asso-
ciated with the individual parts of the boundary ∂M of (M, g), which consists
of two spacelike hypersurfaces Σ and Σ′ and a timelike hypersurface B, which
intersects the spacelike hypersurfaces Σ and Σ′ in Ω and Ω′. Here, the quantities
K and K˜ are extrinsic curvature scalars and η := nau
a is a generally non-zero
scalar parameter originating from the fact that the boundary normals na and
ua are usually non-orthogonal in the given case.
Introducing in this context a partitioning M =M1 ∪M2 ∪ ... ∪Mn of the
Lorentzian manifold of (M, g), where each submanifoldMi ofM is thought to
be irreducible in the sense that it would not prove to be useful to decomposeM
any further in this particular context, one obtains the n-tuple of deformation
relations
gab = g
1
ab + e
1
ab = g
2
ab + e
2
ab = ... = g
n
ab + e
n
ab (35)
and
gab = gab1 + f
ab
1 = g
ab
2 + f
ab
2 = ... = g
ab
n + f
ab
n , (36)
which is given with respect to associated n-tuples of deformation fields e1ab, e
2
ab,
...,enab and f
ab
1 , f
ab
2 ,...,f
ab
n , which are chosen in such a way that relations (18)
and either (31) or (32) turn out to be valid.
Assuming then that for the i-th partition 1+ ei is the matrix representation
of the object δ ab + e
i a
b , one can use the relation |X | = eln |X| = etr lnX =
1+
∞∑
m=1
(tr lnX)m
m! between the determinant and the trace of a matrixX in order to
obtain the identity
√−g = (1 + χi)
√
−gi, where χi =
∞∑
m=1
(tr ln(1+ei))m
2mm! applies
by definition. Moreover, using the fact that one can always decompose the lapse
function N of the ambient spacetime with respect to the lapse function N i of
the i-th local background such that N = N i + ei00, the result obtained implies
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that
√
h = (1+χi) N
i
Ni+ei
00
√
hi = (1+χi) 1
1+
ei
00
Ni
√
hi =: (1+χi)(1+ψi)
√
hi, where
ψi =
∞∑
n=1
(
− ei00
Ni
)n
holds by definition. In addition, the extrinsic curvature tensor
Kab of (M, g) can be decomposed with respect to the i-th extrinsic curvature
tensor Kiab of the i-th local spacetime (Mi, gi) in the form Kab = Kiab + κibd.
Consequently, in the case of a boundary ∂M without edges or corners, the
corresponding action decomposes according to the rule
S[g] ≡ S[g1] + Σ[g1, e1, f1] = ... = S[gn] + Σ[gn, en, fn]) =
=
1
n
{
S[g1] + Σ[g1, e1, f1] + ...+ S[gn] + Σ[gn, en, fn])
}
, (37)
where
S[gi] =
∫
Mi
Riωgi +
Σ′
i∫
Σi
Kiωhi (38)
and
Σ[gi, ei, f i] =
∫
Mi
χiRiωgi +
Σ′
i∫
Σi
(χi + ψi + χiψi)Kiωhi+ (39)
+
∫
Mi
(1 + χi)(gbdi E
i
bd + f
bd
i R
i
bd + f
bd
i E
i
bd)ωgi+
+
Σ′
i∫
Σi
(1 + χi)(1 + ψi)(gbdi κ
i
bd + f
bd
i K
i
bd + f
bd
i κ
i
bd)ωhi+
+
∫
M\Mi
(1 + χi)(Ri + g
bd
i E
i
bd + f
bd
i R
i
bd + f
bd
i E
i
bd)ωgi+
+
Σ\Σ′
i∫
Σ\Σi
(1 + χi)(1 + ψi)(Ki + g
bd
i κ
i
bd + f
bd
i K
i
bd + f
bd
i κ
i
bd)ωhi
applies for the i-th part of the action. Thus, it can be seen that the action of
the ambient spacetime (M, g) can be decomposed into a system of ’subactions’
S[gi]+Σ[gi, ei, f i], whose variation with respect to gabi possibly leads to modifi-
cations of the ’standard’ field equations obtained from a variation of S[gi] with
respect to gabi . However, this is possible only if the deformation fields e
i
ab and
fabi are not chosen to be of compact support in M\{Mi\Σi}.
A similar, but slightly more complicated decomposition relation is also ob-
tained in the case of a boundary ∂M with edges or corners, which is consistent
not least due to the fact that Hayward’s action has been shown to be additive
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in a generalized sense [8]. The associated formalism therefore allows one to add
up the Einstein-Hilbert actions of spacetimes with non-smooth boundaries and
different topologies and causal structures.
Taking into account the ideas of how to join different spacetimes by means
of local geometric deformations discussed above, it is found that the sufficient
(though not strictly necessary) requirements for a given system of local space-
times (Mi, gi) to transition consistently into a complete spacetime (M, g) are
given by the boundary conditions
[eab]
Σi= [fab]
Σi= 0, [Cabc]
Σi= 0 (40)
in the case of local tensor fields eiab and f
ab
i with compact support or by the
alternative set of conditions
[eab]
Σi= [fab]
Σi= 0, [Cabc]
Σi6= 0 (41)
in the case of local tensor fields eiab and f
ab
i that vanish in a certain limit at the
different boundary intersection hypersurfaces Σi.
Thus, if the supports of the respective deformation fields are appropriately
chosen, the geometry of each representative of the given collection of local ge-
ometric fields turns out to agree with the geometry of the complete spacetime
on local scales, so that the Einstein-Hilbert action remains unmodified by these
deformations. However, this no longer has to be true for the latter case of local
tensor fields that vanish in the geometric limit in which each of the individ-
ual local metric fields coincides with that of the remaining ambient spacetime,
since in this case the Einstein-Hilbert actions of the individual parts of the
spacetime undergo modifications, which, however, need to be consistent with
the geometric structure of (M, g). This point marks an important difference
to alternative multi-metric theories of gravity treated in literature for which no
such correspondence is required [15, 18, 20, 28].
Nevertheless, considering the fact that conditions (31) and (32) and the
related sets of conditions (40) and (41) are based on very different physical
assumptions and therefore generally treat different geometric models, it would
be desirable to be able to relax these conditions in such a way that they can be
unified to a single set of conditions, which comes closer to the requirements of
the general thin shell formalism discussed in the previous section. In fact, this
can easily be achieved by requiring instead of (31) and (32) the validity of the
conditions
[eab] = [f
ab] = 0, [Cabc] = 0, (42)
where the quantities eab ≡ ocaodbecd, fab ≡ oacobdf cd and Cabc ≡ oadoebofcCdef are
given with respect to the projector oca = δ
c
a+ζ
cξa introduced at the beginning of
this section, which allows one to project tensor fields onto the boundary portion
shared by both spacetimes regardless of its concrete causal structure. Although
much less strict than (31), these conditions are still stricter than condition (12).
16
They are also stricter than the non-null conditions (11) and (12) and the null
condition (13).
Anyway, after this has now been clarified, it remains to be discussed what
advantages working with the deformation approach presented in this section has
over working with the thin shell formalism presented in the previous section.
One of the main advantages of working with the deformation approach is that
it is more general than the thin shell formalism and other closely related ap-
proaches to the subject, such as, in particular, Penrose’s cut-and-paste method.
Ultimately, these approaches occur as special cases of the geometric deformation
framework.
In addition, the deformation approach allows for a more careful treatment
of the subject in the sense that it allows the treatment of problems where both
Penrose’s method and the thin shell method were expected to lead to distribu-
tionally ill-defined terms, which cannot be properly treated from a mathematical
point of view. This shall be explained in greater detail in the next section on the
basis of the concrete example of gravitational shock wave spacetimes in black
hole backgrounds.
The deformation approach is also more versatile than traditional spacetime
gluing approaches because it allows spacetime pairs to be smoothly glued to-
gether by introducing a suitable cut-off function, and also because it allows new
solutions of the field equations to be constructed using transformations that
leave the geometric character of the background metric unchanged, but lead to
a new ambient spacetime or even classes of ambient spacetimes. Furthermore,
the formalism mentioned includes the perturbative approach to general rela-
tivity as a special case. Not least for this reason, it allows one to weaken the
formulated boundary conditions (31) and (32) or (42), which are designed to
meet the previously discussed junction conditions, in a perturbative sense, so
that they are no longer exact, but only approximately valid, i. e. up to higher
orders in a fixed parameter or systems of parameters.
This will be explained in more detail in the next section using concrete ge-
ometric models. For the sake of simplicity, however, only a few very simple
examples of local spacetimes are selected and discussed below, which can be
easily obtained by suitable deformation of a (usually highly symmetric) back-
ground geometry.
3 Examples of local Geometries in Einstein-Hilbert
Gravity
From a theoretical point of view, the key indicator for the existence of local
spacetime geometries in General Relativity is the fact that there are several
solutions to Einstein’s equations describing a large number of different physical
scenarios valid in different scale regimes of theory. This certainly applies not
only to the theory of General Relativity, but also to any generalized theory of
gravitation on which the validity of the said solutions and associated physical
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scenarios can be based.
The key phenomenological indicator for the existence of local spacetimes in
nature, on the other hand, is the fact that the geometry of the universe varies
considerably from comparatively small to large scales. To be more precise, it is
the fact that among the many different local matter accumulations contained
in the universe, ranging from stellar systems to large systems of galaxy clus-
ters, many can be expected to possess gravitational fields with distinguished,
manifestly non-identical local geometries that do not coincide with the geom-
etry which, on large scales, is assigned to the universe itself; namely that of
Friemann-LeMaitre-Robertson-Walker.
As a result, it appears to be reasonable not only to analyze the global geo-
metric structure of the universe, but also its local structure, which is naturally
connected to the co-evolution of systems possessing a finite magnitude, not re-
maining truly stationary or static for infinite periods of time. This, however,
makes it necessary to specify the exact meaning of the concept of a local space-
time geometry.
In response to that fact, it has been argued so far that the concept of a local
geometry can be introduced on the level of local tensor deformations of the
metric field - allowing one to single out spatially and/or temporarily bounded
systems within a given ambient spacetime.
While the theoretical implications of the specified geometric framework, in
principle, could be discussed by a number of different choices for the local de-
formation fields, they shall, for the sake of clarity, now be discussed merely with
regard to selected classes of fields and associated spacetime geometries.
The first class that shall be considered is generally referred to as the Gordon
class, which is a class of spacetimes that can be obtained by applying a so-called
generalized Gordon transformation to a given background metric [3, 19, 45].
This special class of metric deformations plays an important role in describing
deflections of light or sound in bodies with different optical densities or acoustic
properties in both Special and General Relativity. Given a background metric
gab, the metric g¯ab lying in the Gordon class is characterized by the following
decomposition relation
g¯ab = gab + fnanb, (43)
which holds under the assumptions that na = gabn
b and gabn
bnb < 0; although
it is usually assumed in this context that gabn
anb = −1 applies for the sake of
simplicity. Although it seems to represent a comparatively simple class of space-
times at first sight, the Gordon class is defined with respect to a deformation
field fnanb, which belongs to the general class of nonlinear metric deformations.
As a consequence, the background field equations are modified in a nonlinear
way, which implies that the resulting corrections are generally not easy to de-
termine.
The most well-known representative of this class of deformations is the so-
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called acoustic metric, which has the form
g¯ab = ηab + (1 − 1
n
)nanb (44)
with n being referred to as the so-called refractive index. This index describes
how the speed of light or sound changes during the propagation through a
medium1. It is well-known that outside of the medium, the refractive index
becomes one; a case which immediately implies f |n=1 = 0. Therefore, it is
found that the function f entering the above deformation scheme must go to zero
outside the optical or acoustical medium. Accordingly, the spacetime is locally
Minkowskian and thus a pair of local spacetimes in the previously introduced
sense is formed by this particular class of deformations. For sure, the same type
of local spacetime can also be defined with respect to more general types of
background fields gab and more general functions f as long as these functions
go to zero outside a given matter field under consideration.
In this context, it is worth mentioning that the class of Gordon class metrics
contains the class of conformal Gordon class metrics as a special case. The rep-
resentatives of this closely related class are subject to the deformation relations
g¯ab = Ω
2(gab + fnanb), (45)
which have been studied perhaps most thoroughly so far in the theory of so-
called acoustic black holes and in the context of analogue gravity; theories that
aim to explain, among other things, the geometric structure of acoustic black
holes as well as electromagnetic phenomena in linear media and the behavior of
condensed matter models in General Relativity or even more general theories of
gravity [4, 17, 23, 44, 45].
Inevitably, therefore, the corresponding geometric models should character-
ize local spacetimes in the sense presented above, but are usually not treated
in this way in the literature. However, as it turns out, these models can always
be used as a starting point for the construction of local spacetimes by requiring
that the functions f entering either (43) or (45) have compact support within
the medium under study, which represents a strong, but very reasonable phys-
ical restriction. A meaningful way to achieve this is to introduce a thin shell
splitting of the form f = θf+ + (1 − θ)f− and to require that [f ] = 0 holds on
a hypersurface Σ, which represents the boundary of the medium. The resulting
form of metric can then easily be brought into a form of type (1) by adding and
subtracting either a term θgab in the case of a Gordon class metric or a term
θΩgab in the case of conformal Gordon class metric, which shows that the se-
lected deformation scheme is compatible with the thin shell formalism discussed
in section one of this work.
Consequently, the corresponding geometric approach also leads to mean-
ingful results when it is required that either f+ or f− be zero in the present
1Note that the speed of light as well as the speed of sound are set to one in both of these
cases.
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context. However, in such a case it is clear that the field equations will con-
tain singular expressions in many cases of interest, which are given in terms of a
delta function. And although these singular expressions are perfectly reasonable
from a theoretical point of view, it may turn out to be useful to have smoothed
approximations to the usual step function for some applications.
Such smooth approximations can be obtained by considering bounded, non-
negative continuous functions taking values between zero and one. Typical
examples are functions such as bump functions or other smooth functions with
similar support properties, which are often constructed from convolutions of
smooth functions with mollifiers. To give a specific example in this context, the
function
χ(x) :=
{
e
−
1
x
0
x>0
x≤0 (46)
shall be considered, which belongs to C∞(R) and meets the conditions 0 ≤ χ ≤ 1
and χ(x) > 0 if and only if x > 0. This function can be used to define the cut-off
function
ψ(x) =
χ(x)
χ(x)− χ(1 − x) , (47)
which takes a value of zero for x < 0, a value of one for x ≥ 1 and is strictly
increasing in the interval [0, 1]. In turn, this cut-off function can be used to
specify the quantities f = f(x) such as those occurring in (43) or (45) via making
an ansatz of the form f(x) = ψ(x)F (x), where F (x) is some a priori unspecified
smooth function. In this way, a smooth analogon of the distributional splitting
f = θf++(1−θ)f− is obtained, which may be used to construct local geometric
models in General Relativity.
Consequently, as it turns out, the deformation approach is not only fully
compatible with the thin-shell formalism, but even shows the treatability of
problems that cannot be treated by simply applying the thin shell formalism.
These are problems in which the metric changes continuously (and not from one
moment to the other as in the thin-shell formalism) due to the given choice of
the profile function of spacetime until the special form of the background metric
is obtained.
In addition, it turns out, as is now to be demonstrated, that the deformation
approach described can be used to treat a further class of problems that can-
not be treated with the classical thin-shell formalism. These problems revolve
around the case where the components of the metrics in (1) are not smooth
functions but Schwartz distributions instead, whereas the case of greatest inter-
est is the one where at least one of the metric components is proportional to the
Dirac delta distribution. This case turns out to be highly problematic, not least
because it does not allow to set up the field equations in a reasonable way, since
they would contain mathematically ill-defined quantities; or at least it seems
that way at first glance. However, by taking the deformation approach into ac-
count, it is found that said parts of the field equations are actually well-defined
in certain cases.
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This becomes apparent when considering another important class of local
geometric deformations: a class commonly referred to as the generalized Kerr-
Schild class. This class, whose representatives are metrics of the type
g¯ab = gab + flalb, (48)
belongs to the class of linear metric deformations, where the corresponding met-
rics are given with respect to a lightlike geodesic co-vector field la = gabl
b which
has to fulfill the relations gabl
alb = 0, (l∇) la = 0 and g¯ablalb = 0, (l∇¯)la = 0.
As such, it is a family of solutions that encompass a considerably large class
of geometric models that are of interest to General Relativity, such as all sta-
tionary geometries that are in the Kerr-Newman family of spacetimes and, in
addition, all dynamical radiation fluid spacetimes lying in the even more general
Bonnor-Vaidya family. Moreover, it includes various models with cosmological
horizons, like for instance Kottler alias Schwarzschild-de Sitter spacetime and
its generalizations.
The main property of this class is the fact that the mixed Einstein tensor G¯ab
of the ambient metric g¯ab is linear in the profile function f , which simplifies the
geometric structure of the deformed field equations. This structure simplifies
even more if the geometric constraints
∇¯[alb] = ∇[alb] = 0, (l∇¯)f = (l∇)f = 0 (49)
are met, since in such a case it turns out that both the Ricci with lowered and
raised indices is linear in f . To see this, one may use the fact that there holds
Cbab = 0 for the corresponding affine connection
Cabc =
1
2
∇b(flalc) + 1
2
∇c(flalb)− 1
2
∇a(flblc) (50)
of the Kerr-Schild class, which relates the pair of covariant derivative opera-
tors ∇¯a associated with g¯ab and ∇a and associated with gab. As a result, the
deformed Ricci tensor with lowered indices reads
R¯ab = Rab + Eab, (51)
where Eab = ∇cCcab + CcadCdcb applies.
To ensure that this object as well as the Einstein tensor of the geometry are
linear in the profile function f , it must be ensured that the conditions
CcadC
d
cb = 0 (52)
and
∇cCcabla = ∇cCcablb = 0, R¯ablalb = Rablalb = 0 (53)
are met, where the conditions (53) result from the consistency condition R¯ab =
g¯acR¯
c
b. However, using the result
CcadC
d
cb =
1
2
{
[(l∇)f ]2 + f2∇[cld]∇dlc + f2∇[dlc]∇cld
}
lalb, (54)
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it immediately becomes clear that both the Ricci and the Einstein tensors with
lowered indices are linear in the profile function if the conditions listed in (53)
are met.
Based on these results, it is found that a splitting of the form f = θf++(1−
θ)f− can even be meaningfully performed if it is assumed that the quantities
f±(x) are themselves distributions as long as the products θf+ and (1−θ)f− can
be calculated meaningfully. Specifically, this is the case if the choice f± = F±δ
is made in the present context, where δ(x) represents the Dirac delta distribu-
tion. Given this choice, it turns out that the distributional products F+θδ and
F−(1−θ)δ can be calculated in a distributional sense using classic methods from
Colombeau theory, which yield the expressions AF+δ and F−(1 − A)δ; expres-
sions that are associated in a distributional sense with F+θδ and F−(1 − θ)δ,
where A is a constant that has to be specified consistently on a case-by-case
basis. This leads to an ansatz of the form f = f0δ for the function f appearing
in (48), where f0 = AF++F−(1−A) is a smooth function that has to be deter-
mined by solving the field equations of the theory. In this context, however, it
is worth noting that the validity of (52) and (53) is by no means obvious even
in view of Colombeau’s nonlinear theory of generalized functions, which is why
the results are discussed in more detail in [24].
Anyway, in order to deal with a specific physical example in this respect,
consider now a class of Kerr-Schild geometries to which the methods discussed
can be applied, namely the class of gravitational shock wave geometries in black
hole and cosmological backgrounds. These geometries, which all were found by
using Penrose’s cut-and-paste alias scissors-and-paste procedure, characterize
the fields of spherical shock waves caused by a massless particle moving at the
speed of light along the corresponding event or cosmological horizons. The most
famous representatives of this class are the geometries of Dray and ’t Hooft [16],
Sfetsos [43] and Lousto and Sanchez [30], which characterize the gravitational
fields of spherical shock waves in Schwarzschild, Reissner-Nordström and Kottler
alias Schwarzschild-de Sitter backgrounds.
Due to their similarity, all these approaches shall be discussed in a single
effort in the following. The reason why this is possible is the following: Using
the fact that the line element of any static spherically symmetric spacetime can
be brought into the form
ds2 = −2A2dUdV + r2(dθ2 + sin2 θdφ2), (55)
where r = r(UV ) and A = A(r(UV )) are implicit functions of U and V , the
line elements of the Dray-’t Hooft, Sfetsos and Lousto-Sanchez shock wave fields
can be written down as follows
ds2 = 2A2f0δdU
2 − 2A2dUdV + r2(dθ2 + sin2 θdφ2) (56)
where δ = δ(U) is Dirac’s delta distribution. Thus, it can be concluded that the
metrics
g˜ab = gab + 2A
2f0δlalb, (57)
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corresponding to these line elements belong to the generalized Kerr-Schild classes
of the Schwarzschild, Reissner-Nordström and Kottler backgrounds, where in
each case one has la = gabl
b = −dUa. Accordingly, given the fact that one
can always choose f0 = f0(θ, φ) in this context, it becomes clear that condi-
tions (49) and thus conditions (52) and (53) can be met if it is required that
∂VA|U=0 = ∂V r|U=0 = 0. As a result, the Einstein tensor of the corresponding
classes of geometries takes the form Gab = (∆S2−c)f0lalb and thus characterizes
the geometric field of a null fluid source.
The validity of this result cannot be deduced from thin-shell formalism alone;
it requires geometric deformation theory to make it possible. This can be con-
cluded from the fact that in the past, on the basis of careless application of
Penrose’s method, which according to [16] gives the same results as the thin-
shell formalism (except for a single not particularly relevant term), the authors
of the above-mentioned works came to the erroneous conclusion that despite the
validity of ∂V A|U=0 = ∂V r|U=0 = 0, the field equations should contain nonlin-
ear ill-defined ’delta-square’ terms. As it turns out, however, the deformed field
equations of the generalized Kerr-Schild class do not contain such terms after
all, but lead to a single differential equation for the reduced profile function of
the form
(∆S2 − c)f0 = 2πbδ, (58)
where δ ≡ δ(cos θ − 1) is Dirac’s delta distribution and b and c are constants,
whereas c is given by c = 2r+(κ − Λr+) in the Schwarzschild-de Sitter case,
c = 2r+κ in the Reissner-Nordström case and by c = 1 in the Schwarzschild
case.
The resulting equation can be solved by expanding the reduced profile func-
tion on the left hand side and the delta function on the right hand side simultane-
ously in Legendre polynomials. Using here the fact that δ(x) =
∞∑
l=0
(l+ 12 )Pl(x),
one obtains the solution
f0(θ) = −b
∞∑
l=0
l + 12
l(l + 1) + c
Pl(cos θ) (59)
by solving the corresponding eigenvalue problem. As was shown in [43], however,
it is quite possible to find another representation for the function f , which is
fully consistent with the thin shell formalism discussed in section one of this
work.
Other examples of Kerr-Schild deformed local spacetimes with deformation
fields that have compact support in a single null hypersurface of the geometry
are pp-wave spacetimes. The perhaps most well-known models in this regard
are the spacetimes of Aichelburg and Sexl [1] and Lousto and Sanchez [30,
31], which have in common that they are specified by a Brinkmann form that
contains a delta distribution and therefore has support only on a single lightlike
hypersurface of spacetime. For that reason, they determine a local background
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geometry that coincides everywhere with that of a spherically symmetric black
hole spacetime except for one single null hypersurface.
Other geometric models that allow the definition of a geometric background
that is local in the sense previously introduced are members of the Bonnor-
Vaidya family of spacetimes. In the general rotating case, the metric of this
family can be read off the line element
ds¯2 = −dv2 + 2(dv − a sin2 θdφ)dr +Σdθ2+ (60)
+
(r2 + a2) sin2 θ
Σ
dφ2 +
2Mr − e2
Σ
(dv − a sin2 θdφ)2,
where Σ = r2 + a2 cos2 θ and M = M(v), e = e(v). The energy-momentum
tensor of this geometry consists of a null fluid part and an additional part.
It reads Tab = εlalb + 2ϑ
(
l(akb) +m(am¯b)
)
+ 2ςl(am¯b) + 2ς¯ l(amb), where ε =
− 2r(rM˙−ee˙)+a
2 sin θ(rM¨−e˙e˙−ee¨)
8piΣ2 , ϑ =
e2
8piΣ2 and ς =
−ia sin θ√
28piΣ2
{
ΣM˙ − 2ee˙
}
with
M˙ := dM
dv
and e˙ := de
dv
.
In the limit a → 0, the metric of the geometry reduces to that of Bonnor-
Vaidya spacetime [7], which is given in spherical coordinates by the line element
ds¯2 = −(1− 2M
r
+
e2
r2
)dv2 + 2dvdr + r2dΩ2. (61)
In this case, the component ς of the energy-momentum tensor goes to zero, i.e.
ς → 0 as a → 0. Therefore, the energy-momentum tensor reduces to a null
fluid part plus an electromagnetic part, i.e. Tab = εlalb +2ϑ
(
l(akb) +m(am¯b)
)
,
where ε = − M˙− ee˙r4pir2 and ϑ = e
2
8pir4 .
In the combined limits a, e→ 0, the metric reduces to that of Vaidya space-
time, whose associated metric can be read off the line element
ds¯2 = −(1− 2M
r
)dv2 + 2dvdr + r2dΩ2. (62)
In this case, the component ς and ϑ of the energy-momentum tensor goes to zero
as well, i.e. ϑ, ς → 0 as a, e→ 0. Consequently, the energy-momentum tensor of
the initially axially symmetric gravitational field reduces to that of a spherically
symmetric one which is generated by a null fluid source, i.e. Tab = εlalb, where
ε = − M˙4pir2 .
The most general form of the geometry, whose associated metric can be read
off line element (62), can be interpreted as the field of an accreting charged
rotating black hole. As a basis for this interpretation, one may split the mass
and the charge functions into constant and non-constant parts such thatM(v) =
M0+m(v) and e(v) = e0+e(v), whereM0 = const. and e0 = const. In this way,
the metric of spacetime can be written in the form g¯ab = gab+ flalb, where f =
m+2e0e+e
2
Σ , as can easily be concluded from the fact that la = −dva+a sin2 θdφa.
In addition, one may focus on the case in which m(v) and e(v) are functions of
compact support or possibly re-introduce a cut-off function - possibly, but not
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necessarily given by (47) - and make an ansatz of the form m(v) = ψ( v
v0
)m0(v)
and e(v) = ψ( v
v0
)e0(v), where m0(v) and e0(v) are generic functions in v (the
only restriction on their structure is that M(v) ≥ 0 at all times). In this way,
it is guaranteed that ψ( v
v0
) takes a value of zero for v < 0, a value of one for
v ≥ 1 and is strictly increasing in the interval [0, 1], so that condition (42) is met
and it can therefore be concluded that the metric of spacetime coincides locally
with that of Kerr-Newman spacetime; a spacetime that describes the electrovac
gravitational field of a stationary axially symmetric charged rotating black hole,
which has, by necessity, a completely different physical interpretation from the
metric of a rotating Bonnor-Vaidya spacetime. Specifically, if in this context
it is required that m(v) = ψ( v
v0
)m0 and e(v) = ψ(
v
v0
)e0 for constant m0 and
e0, it then occurs that an initially given Kerr-Newman geometry with ’degrees
of freedom’ (M0, e0, a) transitions smoothly into one with different parameters
(M0 +m0, e0 + e0, a), so that it can indeed be concluded that Bonnor-Vaidya
spacetime characterizes the gravitational field of an accreting rotating black hole
that accretes null radiation.
As a consequence, it is found that the Bonnor-Vaidya model can always be
set up to predict the collapse of a null radiation field and its absorption by a
charged rotating black hole, which could even result in the complete discharge
of the black hole. However, this shows that the geometric deformation approach
can be used to produce meaningful results in the present context - results which
are in complete agreement with the famous black hole uniqueness theorems
[10, 40, 39].
Of course, one could also try to make another choice for the component f
in this regard, which is in better agreement with the thin shell formalism. In
particular, one could choose m(v) = θ(v − v0)m0 and e(v) = θ(v − v0)e0 where
θ(v − v0) represents the Heaviside step function θ(v − v0) :=
{
0
1
2
1
v−v0<0
v − v0 = 0
v−v0>0
.
However, from a purely physical point of view, this would actually be a very
poor choice, since the resulting geometry would describe the very unphysical
case of a black hole that accretes material of mass m0 and charge e0 within an
infinitesimally small instant of time. Consequently, it would probably be more
sensible to stick to the above smooth description of the problem. Nevertheless,
the given choice also provides a well-defined example of a local geometry in
the previously introduced sense and the resulting geometric model reveals the
structure of the gravitational field of a black hole that absorbs null radiation.
Sure enough, the results obtained so far can be generalized in many ways.
A particular way is to perform a series of Kerr-Schild deformations of the Kerr-
Newman geometry and then to impose the right boundary conditions on the
system. In this context, one could follow for example the ideas of Wang and
Wu [46], who generalized the form of the Vaidya solution in such a way that it
includes a cosmological constant and a gravitational monopole term. Moreover,
said solution was shown to contain Husain’s solution [26] as a special case. As
shown in [27], the given class of solutions can be generalized by applying the
Newman-Janis algorithm to them, so that the resulting geomtries are contained
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in a more general class of rotating Bonnor-Vaidya-de Sitter monopole solutions.
A different strategy would be to generalize the family of models characterized
by line element (65) via simply performing a null rescaling of the form la → λla,
ka → λ−1ka, which leaves the geometric structure of the background metric gab
invariant, but changes the geometric structure of the metric g¯ab of the ambient
spacetime ¯(M, g¯), giving thereby a more general class of solutions to Einstein’s
field equations with a metric of the form
g¯ab = gab + λ
2flalb (63)
The only condition that one may wish to impose in this context is that (l∇)λ = 0
and therefore λ = λ(v, θ, φ) holds by definition, so that the resulting class of
geometries still belongs to the generalized Kerr-Schild class of Kerr-Newman
spacetime and the corresponding mixed field equations remain linear in f . But,
of course, that restriction is not a must by any means.
Another possibility to construct a new class of models from the one given
above is to use the fact that the null geodesic vector field can be extended
to an associated null geodesic frame (la, ka,ma, m¯a) and then to perform a null
rotation of the form ka → ka, ma → ma+ξka, la → la+ξm¯a+ξ¯ma+|ξ|2ka, which
again leaves the geometric structure of the background metric gab invariant, but
changes the geometric structure of the metric g¯ab of the ambient spacetime
¯(M, g¯). In this way, once again a more general class of solutions to Einstein’s
field equations is obtained, whose metric is of the form
g¯ab = gab + flalb + 2fξl(am¯b) + 2f ξ¯l(amb) + 2f |ξ|2
(
l(akb) +m(am¯b)
)
+ (64)
+ fξ2m¯am¯b + f ξ¯
2mamb + 2fξ|ξ|2k(am¯b) + 2f ξ¯|ξ|2k(amb) + f |ξ|4kakb.
Consequently, by repeatedly applying a combination of null rescalings and null
rotations, models of any complexity can be constructed. Therefore, it is gen-
erally to be expected that the development of much more general gravitational
fields in Einstein-Hilbert gravity can be described in the given context, including
models that allow one to model partial or even complete gravitational collapse
of matter fields that is caused by the influence of a black hole. In general, how-
ever, one will not obtain generalized Kerr-Schild models this way, but rather
other types of generic models.
To construct generalized Kerr-Schild models, one could instead consider su-
perimposed generalized Kerr-Schild transforms, which are deformed metrics of
the type
g¯ab = gab +
N∑
A=1
f(A)l
(A)
a l
(A)
b , (65)
where each and every l
(A)
a = a(A)la + b
(A)ka + c
(A)m¯a + c¯
(A)ma must meet the
conditions l
(A)
a l
a
(A) = 0 and (l(A)∇)la(A) = 0. This type of deformation leads to
a whole series of nested Kerr-Schild spacetimes, i.e.
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g¯ab = g
(1)
ab +
N∑
A=2
f(A)l
(A)
a l
(A)
b = g
(2)
ab +
N∑
A=3
f(A)l
(A)
a l
(A)
b = ... = g
(N−1)
ab +f(N)l
(N)
a l
(N)
b ,
(66)
where g
(1)
ab = gab + f(1)l
(1)
a l
(1)
b , g
(2)
ab = gab +
2∑
A=1
f(A)l
(A)
a l
(A)
b , ...., g
(N−1)
ab =
gab +
N−1∑
A=1
f(A)l
(A)
a l
(A)
b applies by definition. Therefore, it immediately becomes
clear that the given type of deformation belongs to the class of linear metric de-
formations introduced in the previous section, which are easier to handle than
general metric deformations. As highlighted in several works on the subject
[6, 32, 34, 35, 37], the corresponding metric deformations can be used to pro-
vide initial data for the construction of solutions to Einstein’s equations that
characterize multiple black holes in general relativity. However, as it must be
stressed, these specific types of metric deformations in the non-numerical case
have so far only been used to obtain very specific two-body systems consist-
ing of a black hole and a point source located at its associated event horizon
[2, 16, 25, 43]. Nevertheless, it can reasonably be expected that the underlying
geometric approach is also suitable for the construction of other types of many-
body systems with generic metrics that are in the same equivalence class as the
metrics of the members of the Kerr-Newman family of spacetimes.
In addition to the geometric models mentioned above, there may be many
other classes of both exact and approximate metric deformations, which may
lead to very physically interesting examples of local spacetimes.
Summary
In the present work, a specific approach to the construction of local spacetimes
in General Relativity was presented. This approach is based on the idea of using
local deformations of the metric to join spacetimes with different geometries and
physical properties. The validity of this idea was made clear by demonstrating
the feasibility of fulfilling suitable junction conditions, and further demonstrated
by means of some concrete examples of background metrics that prove to be
local in a sense specified in this work. As it turned out in this context, the ap-
proach presented allows the calculation of the curvature fields of spacetimes with
metrics of low regularity, such as gravitational shock wave spacetimes, which,
from the point of view of standard gluing techniques, does not seem feasible (or
even possible). Furthermore, it was shown that also non-distributional models
can be treated, which cannot be obtained by applying the thin shell formal-
ism. From the results obtained, it can be plausibly concluded that there are
other examples of local spacetimes that cannot be found with gluing techniques
and that are possibly valuable extensions of already known geometric models of
Einstein-Hillbert gravity or more general gravitational theories.
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